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Forced Vibrations of Damped Cylindrical Shells
® X * * | ® ®
Filled with Pressurized Liquid
Y. P. Lu*
David W. Taylor Navai Ship R&D Center, Annapolis, Md.
An analytical formulation is presented for the forced vibratory responses of a pressurized liquid-filled
cylindrical shell having a number of mass segments adhered to it by a viscoelastic material. The mass segments
are distributed discretely around the outer circumference at an arbitrary section of the shell, and the excitation is
a concentrated vibratory radial force located on the surface of the shell. The end conditions of the shell are
assumed simply supported. The liquid is considered as a compressible and inviscid fluid. The viscoelastic
material is assumed incompressible. The interaction between the shell and the attached mass segments, and the
interaction between the shell and the enclosed liquid are taken into consideration. The driving point mechanical
impedances are given for a location midway between two mass segments and half the distance along the length
for a given damped system with or without pressurized water. These solutions are compared and discussed,
respectively, with those of an undamped shell. The response of a discontinuously constrained damped ring
configuration without liquid enclosed, and the frequencies of an undamped shell filled with pressurized water,
which are the special cases derived from the analysis presented, respectively, compare-very well with the available
_experimental data. A simple method for measuring the complex dynamic moduli of damping materials also is
suggested.
Nomenclature u,,v,,w, =displacement components of shell because of
{ and F
a =radius of middle surface of shell v, w; = displacement components of mass segment /
b; = circumferential length of mass segment i VW, =total displacement components of shell with
c =wave speed of fluid mass segments attached
D =2FEh,/ (1 —»?), extensional rigidity r0,x =cylindrical coordinates
d; =width of mass segment i X0, =coordinates of point of application of F¢
E =Young’s modulus of elasticity of shell material x;,0; =coordinates of point of attachment of mass
E* =Young’s modulus of elasticity of viscoelastic segment / ‘
material X9,0, =coordinates of point of application of general
F_F,,F, =general concentrated loading functions concentrated loads
Fe = concentrated loading a? =Q2/¢? —\?
Fi, Fi =reaction forces due to mass segment / at- B2 =N2-Q?/c?
tachment 8 =loss factor of the viscoelastic material
G* = shear modulus of the viscoelastic material €, = Neumann factor
2h, =thickness of shell A =mn/l
2h, =thickness of viscoelastic layer v = Poisson’s ratio of shell material
2h, =thickness of mass segment i p; =mass density of mass segment i
I, = nth order modified Bessel function of the first [ =mass density of shell material
kind o7 =mass density of fluid
J, = nth order Bessel function of the first kind = excitation frequency
K; =elements of the stiffness matrix
k =h3/(3a?) I. Introduction
K =E*b,d;/(2h;), compression-tension spring N coping with modern problems of structural resonance
. _ constant . caused by the complex nature of the dynamic environment
k; =G*b;d;/(2h;), shear spring constant. and the requirement of design objectives which include low
¢ =length °2f shell noise, light weight, long life, and increased reliability, con-
M =2ph;at*/D ventional structural designs are often made unacceptable. One

m =longitudinal half-wave number
m =2p;b;d;h;, mass of mass segment

N =total number of attached mass segments

n =circumferential wave number

D =internal pressure

DosDosDr =surface loadings

PiosDsgs Dy = amplitudes of concentrated loadings

t =time variable

u,u,w =axial, circumferential, and radial displacement
components of shell

u;v;,,w, =displacement components of shell because of F¢
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approach to solving the high vibration and noise levels of
structural resonance problems is to incorporate high-energy-
dissipating mechanisms into the structural fabrication.

It is known that noise and vibration can be reduced by the
dissipation of energy within the vibrating members themselves
by utilizing layers of viscoelastic shear damping material. A
combination of viscoelastic damping material and metal will
provide strength and rigidity but with a low response to
vibration. One configuration of adoption of such technique is
to induce a shear strain in the damping material by bonding it
between two layers of much more rigid materials to form a
sandwich!® in which most of the shear deformation that
occurs during flexing of the sandwich will be in the middle
layer, consisting of the less rigid damping material, and
energy will be dissipated in every section of this layer. Other



SEPTEMBER 1977

damping arrangements include configurations such as those
based on the cell-insert design concept conceived by
Ruzicka,®’ also described as constrained viscoelastic layer
systems by Ungar and Kerwin?® such as damping tapes, spaced
damped treatment, laminated structures, strip dampers, and
various other configurations utilizing the same principle, i.e.,
to employ viscoelastic shear-damping mechanisms that
produce the desired energy - dissipation during flexural
vibrations. The purposes of all various treatments tend to
offer the possibility of effective damping over a wide range of
frequencies for given engineering requirements and ap-
plications. In this paper, we suggest a configuration of a
damped cylindrical shell filled with pressurized liquid along
with the utilization of the shear-damping material.

In dealing with the damped system, there are generally two
problem areas considered. One is the structural problem, and
the other is the control problem. The former is to find the
structural responses of the system when the damping material
properties are given. The latter is to find the proper damping
material so as to optimize the structural response for a given
application or requirement when the response obtained is not
what one wishes to have. An analysis of the first problem area
forms the subject matter of this paper.

In recent years, analytical formulations®!° for the forced
responses of a discontinuously constrained damped ring have
been presented. The structural system considered is a damped
composite ring made of a thin-walled ring having a finite
number of mass segments equally spaced and uniformly
attached to its circumference by a thin viscoelastic material
layer. Experimental and theoretical results are compared and
discussed for the radial driving point mechanical impedances
of such a discontinuously constrained structure. The problem
under consideration in this paper is to solve a more general
case for the damped cylindrical shell system by using in-
teraction formulation. Specifically, an analysis is presented
for the forced vibratory responses of a pressurized liquid-
filled cylindrical shell having a number of mass segments
adhered to it externally by a viscoelastic material layer at an

arbitrary section of the shell. The mass segments are .

distributed discretely around the circumference of the shell,
and the excitation is a concentrated vibratory radial force
located on the surface of the shell. The end conditions of the
shell are assumed simply supported (Fig. 1). In this analysis,
the mass segments may not have to be identical, nor do their
distributions have to be uniform. The liquid is considered as a
compressible and inviscid fluid. The interaction between the
shell and the attached mass segments, and the interaction
between the shell and the enclosed liquid are considered
because the dynamic reactions of the attached system and the
fluid interaction loading could affect significantly the motion
of the shell.

In the damped structural system, the four parts considered
are the elastic cylindrical shell, the enclosed pressurized
liquid, the attached mass segments, and the viscoelastic layer
‘connecting the shell and the attached mass segments. The shell
is assumed to be thin so that the ratio of its thickness to the
radius of its midplane is small and that it can be described by
Fhigge’s equation.!! The effects of the rotatory inertia and
shear deformation of the shell are neglected. The enclosed
fluid is assumed to satisfy the wave equation. The viscoelastic
material is considered incompressible and is assumed to act as
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Fig. 1 Geometry of the problem.
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a weightless spring between the shell and the adjacent mass
segments. The effects of the operational temperature and
frequency concerned on the viscoelastic .material properties
are taken into account. For a loading applied midway between
two mass segments and half the distance along the length, the
driving point mechanical impedances are presented for a given
damped system in which the mass segments are attached at the
middle section of the shell. These solutions are compared and
discussed, respectively, with those of an undamped shell with
or without the pressurized water enclosed. The response of a
discontinuously constrained damped ring configuration
without the presence of the liquid, and the frequencies of an
undamped shell filled with pressurized water, which are the
two special cases derived from the analysis presented,
respectively, compare very well with the available ex-
perimental data. A simple method for measuring the complex
dynamic moduli of damping materials also is suggested.

II. Mathematical Formulation

When a shell is filled with pressurized liquid and is
deformed, any point of the middle surface will. rotate and the
resultant forces caused by the internal pressure p will be
changed slightly. The components of the changed resultant
forces in the r, 6, x directions for an element are '2

_ /3% aw ‘
Ne=Nq (6x60 - X)de , (1a)
v :

N——N

[) “ox? dx . (1b)

3 1 /02w 30

e i ()

g Y dx— N, |1+ = s ) AL

where the membrane forces are expressed, respectively, by
N,=¥pa’df and N,=padx. In Eq. (1), the terms on the
nght contain the rotation of the shell induced by the defor-
mation of the displacement components. When the forces
resulting from the pressurized internal loading are in-
corporated into the Fliligge’s shell equation!' for the thin
elastic circular isotropic cylindrical shell subjected to
vibratory distributed pressure loadings, the linear' dimen-
sional differential equations describing the motion of its
middle surface are
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ax? 2a 0392 2 2D 3xa0 2D/ dx
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_ fz_l (3_”5;_;0 it Z; +2a a—ﬁ%ﬁ M=2ph,aQ?/D (51)
A=mn/{ (53)

j;—;; +22‘;—0M; + ‘f] = # Q?w ' (20 F,=2p,,coshx, cosnf,/ (Dle, ) (5k)

where the undeformed middle surface radius, and thickness of Fy=2pyy sinkx, sinnd,/ (Der) D
be e o S vl T D oo om

p, and Poisson’s ratio ». The axial, circumferential, and radial
- displacement components of the middle surface of the shell
are denoted by u, v, and w, and the circular frequency of
excitation is specified by Q. The surface loadings are expressed
by p,, Dy, and p, in their respective positive directions. A
dimensionless quantity & is defined by #%/(3a¢?), and the
extensional rigidity of the shell is represented by D. The shell
is assumed to be initially at rest.

For simply supported end conditions, let us assume

u= Z E u,,,cos i cosnf (3a)
m=0 n=0 4
v= E E V,,,SIN X sinnf (3b)

0

.
T wsin”

where m and n are the longitudinal half-wave number and the
circumferential wave number, respectively, and the length of
the shell is denoted by £. The time dependent factor e is
assumed, and is omitted throughout. Substituting Eq. (3) into
Eq. (2), and utilizing the orthogonality relations of the sine
and cosine functions, one obtains a set of reduced linear
algebraic equations of motion of the shell, for each value of
mandn

3
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>
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K, ~M K, K Uy Fy
K, Ky—M Ky Un | = | Fp @
K Ky; K;;—M Winn F,
where
K, = (5a)
1 pa
K,= - (I+v)\n+ 2—D)\n (5b)
1 pa
K13=-—y)\—a2k)\3+7(1~V)k)\n2_2_D)‘ ()
n? 1 pa’?
K22=;+Ea(1—u))\2(1+3k)+ D N2 (5d)
K="+ LkaG=nrins 22 5e)
23-a; 2 a v 2D
1 k
K= P +a’kN* +2akN’n? + t_1n4
2 k
—7n2k+—+ (@’N? +2n%) -Q, (5
a I,(8a) Q?
Q.= o7 o if 2= >\2—~>0 (58
" DY B (B a)
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The amplitudes of concentrated loadings in each direction
are expressed, respectively, by p,,, pg, and p,,, and the
coordinates of the point of application are x=x,, and 6=46,.
The Neumann factor ¢, equals two for n=0, and one
otherwise. For given concentrated loads to a specific problem,
the axial, circumferential, and radial displacement com-
ponents at arbitrary points on the middle surface of the
pressurized liquid-filled shell can be solved.

It should be noted that the interaction loading because of
the containing fluid appears in the quantity K;;. In obtaining
the interacting loading p/, the fluid is assumed to be described
by the wave equation. Expressing p, in Fourier series and
introducing the condition of continuity of the normal velocity
and pressure on the shell/fluid interface, as well as the
condition of being finite on the shell centerline, the loading
yields

o w,, I (B8 a)

pmn_ B,In, (B,a) (6)
if8’2=N-Q2/c?2>0,0r
022w, J, (0a)
=" Tmavat TR 7
Prnn o) (aa) ™

if a?2=02/¢2-N?>0. In Egs. (6) and (7), the quantities
J, (aa) and I, (B'a) are the nth order Bessel function and the
modified Bessel function of the first kind, respectively, and
J, (aa) and I, (B’a) are their derivatives with respect to the
argument. The mass density and the wave speed of the fluid
are denoted respectively by o, and c. It is noted further that
the contained fluid is assumed nonviscous; it is unable to exert
shear stress. Only the interaction loading in the radial
direction is considered.

For the problem under consideration, the system includes
the elastic cylindrical shell with the contained pressurized
fluid, the attached mass segments, and the viscoelastic springs
connecting the shell and the.attached mass segments. To
provide a complete solution, the following three dynamic
problems first are solved: 1) the dynamic response of the
pressurized fluid-filled shell to the radial concentrated
loading, 2) the dynamic response of each attached mass
segment to the motion input at the respective point of at-
tachments, and 3) the dynamic response of the pressurized
fluid-filled shell to the dynamic reaction forces of each at-
tached system acting at the point of attachment. The resulting
response of the total system then is obtained by combining the
foregoing solutions through the application of the linear
superposition principle.

Consider that the shell is excited only in the outward radial
direction by a time harmonic concentrated loading and ap-
plied at the point having the coordinates x=x_, and §=46,.
The radial and the circumferential displacement components
w, (6,x), v, (6,x) at any arbitrary point on the middle surface
of the shell can be determined by

w;(8,x) = E E wé,,sin\x cosnf ’ (8a)
m=0

=0

X

aok
e

v, (0,x)= vS,,sinAx sinnf (8b)

3
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where
F 2
Wi [(Ku M) (K, —M) —K7,] (%9a)
FC
Vin = [K23 (K;—M) —K ;K ;] (9b)
Fe¢=2p,,sin\x, cosnd,/ (Dle, ) (9¢)

The determinant of the matrix given in Eq. (4) is denoted by
A. The axial displacement component u, (6,x) can be ob-
tained likewise.

For each attached mass segment, it is considered to be a
single degree-of-freedom system. For simplicity, the
rotational motion about the center of mass of the mass
segment is neglected, nor is the interaction between the
segment and the shell in the longitudinal direction included.
The equations of motion in the radial and circumferential
directions can be written as

—m Q2w+ k*[w,—w,(8,,%,)]=0 (10a)

—m; Q%+ kv, —v,(0,,x)]=0 (10b)
where w; and v; are the radial and circumferential
displacement components, respectively, of the mass segment
i whose mass is represented by m;. The quantities w, (6,,x;)
and v, (6,,x;), which are unknown and yet to be determined,
are the total response in the radial and circumferential
directions at the point of attachment of mass segment i. Note
that the point of attachment is assumed to be on the middle
surface instead of on the surface of the shell. This is a
reasonable assumption for a thin shell. The equivalent
compression-tension, and shear spring constants k* and &7
depend on the geometry of the mass segment, the thickness of
the viscoelastic layer, and material properties of the
viscoelastic material. The viscoelastic material properties,
which are complex, are assumed temperature and frequency
dependent, and the strain amplitude dependence of the
properties is neglected. The spring constants are

k*=E*b,d;/ (2h,) (11a)
=G*b,d,/ (2h,) (11b)

where the circumferential Iength of the mass segment i is b,,
and the width is d;. The viscoelastic layer has Young’s
modulus of elasticity E*, and shear modulus G*, and its
thickness 24,. The viscoelastic material used is assumed
incompressible. This assumption is approximately true for
most viscoelastic materials, as verified by Cramer,!? and,

hence, there will not be any difference in the values for the

loss factors in shear and in direct deformation. It is obvious
that mass segments may not have to be identical, nor do their
distributions have to be uniform. From Egq. (10), the
relationships between w; and w, (6,,x;), v, and v, (8,,x;) can
be written as

wi=Cw, (0;x;) (12a)
v,=C,v, (6,,%,) (12b)
where
=k* (k™ ~ m,Q2) (132)
C,=k2/ (k*—m,92) (13b)

The dynamic reaction force due to the presence of the
attached mass segment can be considered as point loadings
acting at the point of attachment in the radial as well as in the

FORCED VIBRATIONS OF DAMPED CYLINDRICAL SHELLS 1245

circumferential directions. For the mass segment / attached at
a point having the coordinates x=x; and 6 =0,, the dynamic
responses in the radial and circumferential directions w, (8,x)
and v,(0,x) at any arbitrary point on the middle surface of
the shell to these reaction forces give

w,(0,x) = E 2 wi,, sinkx cosnf (142)
v, (6,x)= Y, v sin\x sinnf (14b)
m=0 n=0 .

where

) Fi
Wian = — Xg (K5 (K —M) —K 3K 5]

F .
+‘A'£[(K11“M) (Ky, — M) -K3,] (15a)

. F
mn = [(Ku M) (K53 — M) —Ki5]

F;
. _X[sz(Ku—M)“KlzKl}] (15b)
Fi= 51?_ kv, (0,,x;) (C,—1)sin\x; sinnd,; (15¢)
Fi= Dir w, (8,,x;) (C, ~ I)sin\x; cosnf, (15d)

Likewise, the axial displacement component u, (6,x) can be
determined. In Eqs. (14) and (15), the terms containing the
elasticity modulus E* relate the energy dissipation because of
extensional strain, whereas the terms with the shear modulus
G* involve the energy dissipation by shear deformation.
Having solved the preceding three subproblems, it is
possible to calculate the total radial and circumferential
deflections w, (4,x) and v, (8,x) resulting from the dynamic
interaction as the sum of the shell response to the radial
concentrated loading and the dynamic reaction forces of the
attached mass segments based on the linear superposition
principle. Combining Eqgs. (8, 10, and 14), the total radial and
circumferential displacement components give

=] FC
w 0= Y Y UKy = M) (K~ M) —K3)

N oo o
+ X Y X k- an k-

i=1 m=0 n=0
N ] oo Fi
— K4,]sinAx cosnf — E E E K s
i=1 m=0 n=0 A
X (K;; —M) —K,,K,;]sin\x cosnf (16a)
@ @ Ff ) )
v,(0,x) =~ E E X 3 (K —M) —K,,K ;]sinkx sinnf
m=0 n=0
N o o F,
- Y Y ¥ ik, (k) - M) —K K s 1sinkx sinng
i=1 m=0 n=0 A
N 33 o F,
+Y ) E—f[(l(,, M) (K;; — M) — K3;]sin\x sinnd
i=1 m=0 n=0

(16b)

The first term is the response caused by the radial con-
centrated load applied at (6,.,x.), and the other two terms are
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the responses caused by the reaction forces of the attached
mass segments. The number of mass segments is represented
by N. Note that the displacement components given in Eq.
(16) are coupled with each other. To find the response at any
arbitrary location, the unknown total displacement com-
ponents at all points of attachments v, (8,,x;) and w, (8, x; )
first must be solved by using Eq. (16) which is a set of 2N
simultaneous linear algebraic equations with complex
coefficients. Should the symmetric property exist in the mass
segments attachment distribution, the size of the simultaneous
equations obviously can be reduced. Once the displacement
components are found, their mechanical impedances can be
determined.

Since one of the primary objectives of employing the
damped composite structure is to attenuate the vibratory
response at the resonant conditions, to find the resonance
frequency of such a system is of great importance. However,
the usual procedure used in vibration analysis to find the
frequencies hardly can be followed for such a composite
system because the characteristic equation for each mode is
difficult to obtain. In addition, because of the linear
superposition application and the nature of the frequency-
dependent material properties, it is a formidable task to
obtain the resonance frequency for such a damped system. It
is believed that using the forced vibration analysis given in
this section is probably the most straightforward procedure to
determine the resonance frequencies. The frequencies can be
located when the slopes of responses between two frequencies
change signs in the neighborhood of resonant conditions.

III. Experimental Verification of Reduced
Special Cases

The analysis presented in the previous section gives a
detailed formulation of the forced responses of damped
cylindrical shells filled with pressurized liquid. To date, there
are no experimental data available to be used to evaluate the
validity and adequacy of the analytical consideration of such
a problem. However, test results for special cases reduced
from the problem of interest are available, and the com-
parison between the experimental results and the theoretical
solutions of"these special cases can be offered to serve as a
means for verifying the analysis and the method of com-
putation. One of the special cases which can be derived from
the considered problem is to reduce it to the problem of
vibrations of a discontinuously constrained damped ring
configuration without the presence of liquid, and the other is
to reduce it to the problem of vibrations of an undamped shell
with the pressurized liquid enclosed.

Vibrations of Discontinuously Constrained Damped Rings

For this reduced case, the damped composite ring is made
of a thin-walled ring having a finite number of mass segments
attached to its circumference by a viscoelastic material, and is
subjected to a concentrated radial load (Fig. 2). In obtaining .

VISCOELASTIC
MASS MATERIAL

ELASTIC
RING

.-Fig.2 Geometry of a discontinuously constrained damped ring.
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the analysis derived from that given in the previous section for
such a system, the differentiations of all of the physical
quantities of the shell with respect to the longitudinal coor-
dinate x, the longitudinal displacement component u,
longitudinal half-wave number m, Poisson’s ratio », and
boundary conditions are suppressed. In addition, the effects
caused by the pressurized fluid are neglected. Equation (8)
then becomes

o0

w;(8) = E wScosnf (17a)
n=0
v, (0)= E v¢sinng (17b)
n=0
where
wi=(F/A) (K;; — M) (18a)
v =~ (F/A)K, (18b)
A =(K,;,—M)(K; —M) ~K, (18¢).
F¢=p,,cosnb./ (Dfe,n) (18d)
Similarly, Eq. (14) gives
w,(0) = E wi cosnf " (19a)
n=0
N -
v,(8) = Y, v sinnf (19b)
n=0
where
. Fi Fi
Wh="7 (K;—M) —-—AQK” (20a)
. Fi
vi= f (K33 = M) =~ Ky (20b)
=k}v, (0,) (C;—1)sinnb,/ (Der) (20¢)
=k*w,(6,) (C, —I)cosnd,/ (Dte, ) (20d)

In Egs. (18) and (20), the quantities X ,,, K,;, and K; are the
same as those given in Eq. (5) except that terms involving A,
oy, and p vanish. The symbol {is now the length of the ring.
Since no longitudinal interaction between the mass segments
and the shell is included in the formulation, Egs. (10-13)
remain unchanged for the reduced ring problem. Again,
based on the linear principle of superposition, Eq. (16) is
reduced to

I V N Fi
w,(0) = E X’ (K,, —M)cosnf + E E :&L (Ky, ~
n=0 i=1 n=0
_ N F
X cosnf — E E Za- Ky;cosnf (21a)
i=1 n=0
N @ i
v (0)= - E K23smn0 E E —AszjsmnB
i=1 n=
N o0 ,
Z E il (K;; —M)sinnf (21b)

Equations (17-21) are the same as those presented for the
reduced systems in Ref. 10.

The driving point mechanical impedances of a discon-
tinuously constrained damped ring are presented in Fig. 3
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Fig. 3 Comparison of analytical and experimental results of a
discontinuously constrained damped ring.

which is reproduced from an earlier paper.!® Specifically, the
system is a steel elastic ring (¢=10.3 cm, 24, =1.27 cm, ¢
=7.62 cm) having 12 identical steel mass segments (d; =7.62
cm, 2h; =1.27 cm, b; = 5.08 cm) equally spaced and uniformly
attached to its circumference by an acrylic base viscoelastic
material (24, =1.02 X 10 -2 ¢m, at 24° C) and is subjected to a
concentrated radial load. It is shown clearly that the solutions
of this special case compare very well with the experimental
and analytical results availabie.

It is interesting to note that, if only one mass segment is
attached, the equation for the radial displacement component
reduces to ) ’

Qo

Fe¢ &
w,(8) = 2 X’ (K,, —M)cosnd + E

n=0 n=0

F]
N (K, —M)cosnt

(22)

Suppose the point of application of the concentrated loading
and the point of attachment of the mass segment are both at
the same point, e.g., §=0,=0. Equation (22) is reduced
further to

o

D 1
Die.7 a (K2 = )
n=0 Dle,m A
w,(0=0)= (23)

1—2 K-t k-
n=0 D(?e,,-/r ! A 2

In examining the foregoing expression, it may be noted that
Eq. (23) is rather simple in form and can be used to measure
the complex dynamic moduli of damping materials if the
experimentally measured responses and the associated phase
angles at the point of attachment are available for a given
system in the frequency range of interest. Rearranging Eq.
(23), the dynamic moduli of the damping material can be
obtained in terms of the measured response amplitude |w, |
and the phase angle ¢ for a given frequency, i.c.,

G*=G(1+iB)
where

G =1 Cinee sy (242)

I\ yi+ys

3Gy, ~y;

- 24b

8 3Gy, (24b)
y =2ﬁ mﬂz[lw lcosg — Pro l(K —M)] (24c)
‘3 2M; ' = Dte,7 A 22

Ya=2h,m;Q? lw,|sing (24d)
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o K, —M
= |w, |cos¢b, [d,»—miﬂz i——]
21 ! ,,;0 De,7A
S P 1
—b,d, 2 (Kpy—M
- Dfe,w A Kz ) (24¢)
. =~ Kyy—M
=b; lw, sin [d,-—m-ﬂ" -2 ]
2= byl sing|d;—m 02 3 "= @49

Although the proposed method to measure the complex
dynamic moduli of damping materials requires further studies
on the reliable range over which the damping material
properties are readily obtainable, the facts are that, not only
is it as simple as those well-established vibrating beam
techniques used for years, such as those given by Nashif, 14
Jones, 15 and Roscoe et al., !¢ but also the excellent correlation
between experimental and theoretical results for a discon-
tinuously constrained damped ring presented in Fig. 3
demonstrates that the proposed method is theoretically
feasible. :

Vibrations of Undamped Shell with the Pressurized Liquid Enclosed

The analysis for this special case obviously can be derived
by neglecting all the effects caused by the presence of the
viscoelastic layer and the attached mass segments. In ob-
taining the frequencies of such a system, the characteristic
equation can be obtained from Eq. (4), by letting the deter-
minant be zero, i.e.,

K, -M K, K);
det | K, K,,—M K, =0 23)
Klj’ KZJ K33_M

For given values of m and n, the resonant frequencies can be
determined numerically because this frequency equation is
transcendental. .

Presented in Table 1 are the frequencies of an undamped
steel cylindrical shell (¢=900 cm, 2k, =0.33 cm, ¢=25.4 cm,
E=2.1x10% kg/cm?, p=8.01x 106 kg sec?/cm*) with the
pressurized water enclosed (c=15.24x10* cm/sec, or
=1.0x 1075 kg sec?/cm*, p=27 kg/cm?). The experimental
and theoretical solutions determined by Shiraki et al. 12 and by
Eq. (25) are tabulated. For the modes considered, it is shown
clearly that all of the analytical and experimental results are in
excellent correlation. The significant difference between these
theoretical solutions is that the enclosed fluid is considered
compressible in Eq. (25) whereas Shiraki et al. consider it
incompressible. It is well known that the compressibility of a
fluid may be neglected only if the frequency is low compared
to the quantity A. As shown in the table, the present solutions
are getting better and better as the frequencies increase. This
results from the consideration of the compressibility of the
enclosed fluid. Other differences are that the present

Table 1 Comparison between frequencies of an undamped shell
filled with pressurized water—analytical resulls vs experimental data

Frequencies, Hz
Analytical solutions
Experimental data Present solutions  Shiraki et al.

n=2,m= 72.2 72.8 72.0
n=2,m=2 77.0 73.9 72.5
n=2,m=3 80.6 77.2 75.5
n=2,m=4 81.7 84.4 83.0
n=2,m=5 105.5 97.3 96.7
n=2,m=6 117.2 115.8 118.0
n=3,m=2 148.2 146.1 144.0
n=3,m=6 155.0 155.7 152.0
n=3,m=17 162.0 162.4 158.9
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frequency equation is derived from the Fligge’s equation
whereas Shiraki’s!? frequency equation is obtained by an
energy approach and is reduced to a rather simple expression
by using the assumption of zero hoop and shear strain in
addition to ones of thin shell theory.

IV. Numerical Solutions and Discussion

The analytical procedure outlined herein is used to calculate
the radial driving point mechanical impedance for a damped
system of interest. The system is a pressurized water-filled
cylindrical steel elastic shell having 12 identical mass segments
adhered to it by a viscoelastic material. The mass segments are
made of a material whose density is assumed 20 times heavier
than that of steel, and are assumed uniformly distributed
around the circumference of the center section of the shell.
The density of the mass segment is so chosen because we
intend in the future to compare on the same weight (or mass)
basis this numerical solution to those of yet another damped
cylindrical system of interest in which longitudinal beams (20
times longer than the axial length of the mass segments),
instead of the mass segments, are adhered to it by a
viscoelastic material. The viscoelastic layer used here in the
example is an acrylic base material with a complex shear
modulus at 24°C that can be calculated for the frequency
range of interest by

G* =6895(1+iB)expl0.5t(R2/27) +3.022] pascal (26a)

B =1.46 (26b)
The geometrical dimensions of the system are £=152.4 cm,
2h;=1.27 cm, @=10.3 cm, 2h,=8.89x10-2 ¢m, b;=5.08
cm, d;=7.62 cm, 2h;=1.27 cm. The end conditions of the
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shell are assumed to be simply supported. In the example
problem of interest, the source of excitation is a concentrated
vibratory radial force with circular frequency €, located on
the middle surface of the shell midway between two mass
segments and half the distance along the length, i.e., §,=0
and x,={/2. Because of the uniformity of the attachment of
the mass segments, the symmetric property with respect to
0=0, does exist. The theoretical solutions obtained are the
summation of the first 10 circumferential modes and the first
11 contributing longitudinal half-wave numbers. Equation
(16) is evaluated by the inversion of the matrix, and the in-
version is computed by the Gauss-Jordan elimination method.

In Fig. 4, the driving point mechanical impedances for the
given damped system (circles) are presented. In this system,
no water is filled in the shell. For comparison purposes, the
corresponding solutions of the undamped system, also
without the presence of water (broken line), i.e., with the
viscoelastic layer and mass segments omitted, also are given in
this figure. In the frequency region of interest and for the
specific configurations under consideration, the responses for
the damped and the undamped systems are obviously dif-
ferent. In the lower frequency region, both systems follow the
same stiffness line in the impedance plot. This implies that the
addition of the heavy mass segments does not effect the
stiffness of the system. However, the lowest fundamental
frequency of the damped system is reduced to about half the
value of that of the undamped system because of ap-
proximately 94% of the mass added to the system. In the
frequency region beyond this fundamental frequency the
responses of the damped system are damped considerably as
compared with those of the undamped system.

In calculating the responses and the frequencies of the
undamped system, the procedure is standard and straight-
forward. The importance of the investigation of this special
case is that the vibration of the undamped system may be used
to serve as a basis to evaluate the damping mechanism and the
effectiveness of the mass segments attached damping system.
To demonstrate and to identify the resonance frequencies of
the impedance plot, the frequencies in the range of interest
calculated for this particular undamped system are listed in
Table 2. '

For a damped shell filled with pressurized water, the driving

_point mechanical impedance is presented in Fig. 5. Other than

the enclosed pressurized water, the geometry and the material
properties of the system are the same as those given in Fig. 4.
The water pressure is assumed to be 28.2 kg/cm?. The
responses of the undamped shell without the presence of water
also are given for references. Comparing to Fig. 4, the
responses of this damped shell system with and without the
water is slightly different except that the fundamental
frequency for the pressurized water-filled shell is slightly
lower. It is believed that this is not significant because the
attached mass segments have dominant effects in the response
of this particular case.

To demonstrate the effects of the presence of the
pressurized water, the responses of the undamped shell with
(dot-broken line) and without (broken line) water are given in
Fig. 6. The undamped system is the same as that presented
before in Fig. 4, and the water pressure is assumed to be 28.2
kg/cm?2. It can be seen that the presence of the pressurized
water reduces the frequencies significantly. The driving point
mechanical impedances for the pressurized water-filled shell
are given only up to 2 KHz. This is because the lines in the

Table2 Frequencies of an undamped sheil
without water filled

Frequencies, Hz

n/m 1 3 5 7 9
1 241 1598 3187 4576 5704
2 809 1097 1884 2890 3919
3 2263 2374 2673 3200 3912
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Table3 Comparison between frequencies of an undamped shell
with and without pressurized water?

Frequencies, Hz
n/m 1 3 5 7 9

1 197 (241) 1315 (1598) 2548 (3187) 3534 (4596) -
2 688 (809) 933 (1097) 1604 (1884) 2463 (2890) 3338 (3919)
3 1977 (2263) 2078 (2374) 2346 (2673) 2815 (3200) 3448 (3912)

2Numbers in parentheses are the frequencies of the undamped shell without
pressurized water.

higher-frequency region are too crowded to be seen distinc-
tively. For clarity and for comparison purposes, the
frequencies for these two systems are listed in Table 3.

VY. Conclusions

In summary, this paper has presented an analysis for the
forced vibratory responses of a pressurized liquid-filled
cylindrical shell having a number of mass segments adhered to
it by a viscoelastic material. The mass segments are
distributed discretely around the outer circumference at an
arbitrary section of the shell. The end conditions of the shell
are assumed simply supported. The liquid is considered as a
compressible and inviscid fluid. The viscoelastic material is
assumed incompressible. Since the formulation is presented in
a very general fashion, the attachments may be arranged
arbitrarily. The driving point mechanical impedances are
given for a location midway between two mass segments and
half the distance along the length for a given damped system
with or without the pressurized water. These solutions are
compared and discussed, respectively, with those of an un-
damped shell. For the particular configuration given, the
damping effects are significant. The responses of a discon-
tinuously constrained damped ring configuration without
liquid enclosed, and the frequencies of an undamped shell
filled with pressurized water, which are the special cases
derived from the analysis presented, respectively, compare
very well with the available experimental data. For the system
of interest, it is obvious that the vibrational behavior of such a
damped shell is complicated by the involvement of many
parameters. It depends upon the geometries of the shell

FORCED VIBRATIONS OF DAMPED CYLINDRICAL SHELLS 1249

element, the attached mass segments, the thickness of the
viscoelastic layer, the pressure of the enclosed fluid, and the
properties of elastic and viscoelastic materials.. General
conclusions regarding the best arrangement to be used in a
specific application can not be drawn easily. For the op-
timization of design for any particular specification, a
complete parametric study is required.
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